Well-Posedness of the Einstein—Euler System in
Asymptotically Flat Spacetimes: The Constraint
Equations

Uwe Brauer and Lavi Karp

Departamento Matematica Aplicada Department of Mathematics
Universidad Complutense Madrid ORT Braude College

28040 Madrid, Spain P. O. Box 78, 21982 Karmiel, Israel
FE-mail: oub@mat.ucm.es E-mail: karp@braude.ac.il
Abstract

This paper deals with the construction of initial data for the coupled Einstein-
Euler system. We use the condition that the energy density might vanish or tends
to zero at infinity and that the pressure is a fractional power of the energy density,
conditions which are used to describe simplified stellar models. In order to achieve
our goals we are enforced, by the complexity of the problem, to deal with these
equations in a new type of weighted Sobolev spaces of fractional order.

The common Lichnerowicz-York scaling method [14], [9], [34], for solving the
constraint equations cannot be applied here directly, since it violates the relations
between the matter variables and the initial data for the fluid. We show that if
the matter variables are restricted to a certain region, then Einstein’s constraints
equations have a unique solution in the weighted Sobolev spaces of fractional order.
The regularity depends upon the fractional power of the equation of state.

1 Introduction

This paper deals with the Einstein-Euler system describing a relativistic self-gravitating
perfect fluid, whose density either has, compact support or falls off at infinity in an appro-
priate manner, that is, the density belongs to a certain weighted Sobolev space.

The evolution of the gravitational field is described by the Einstein equations
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where g, is a semi Riemannian metric having a signature (—, 4+, +, +), Rap is the Ricci
curvature tensor, these are functions of g,3 and its first and second order partial derivatives
and R is the scalar curvature. The right hand side of (1.1) consists of the energy-momentum
tensor of the matter, T, 3 and in the case of a perfect fluid the latter takes the form

T = (e + p)u®u” + pg*’, (1.2)

where € is the energy density, p is the pressure and u® is the four-velocity vector. The vector
u® is a unit timelike vector, which means that it is required to satisfy the normalization
condition

Japuu’ = —1. (1.3)

The Euler equations describing the evolution of the fluid take the form
V.1 =0, (1.4)

where V denotes the covariant derivative associated to the metric g,3. Equations (1.1) and
(1.4) are not sufficient to determinate the structure uniquely, a functional relation between
the pressure p and the energy density € (equation of state) is also necessary. We choose an
equation of state that has been used in astrophysical problems. It is the analogue of the
well known polytropic equation of state in the non-relativistic theory, given by

p= f(e) = Ke, K,y e R, 1 <#. (1.5)
The sound velocity is denoted by
dp
2
= =, 1.
7 Oe (16)

The unknowns of these equations are the semi Riemannian metric g,g, the velocity vector
u® and the energy density e. These are functions of ¢ and z* where z* (a = 1,2, 3) are the
Cartesian coordinates on R3. The alternative notation 2° = ¢ will also be used and Greek
indices will take the values 0,1, 2, 3 in the following.

The common method to solve the Cauchy problem for the Einstein equations consists
usually of two steps. Unlike ordinary initial value problems, initial data must satisfy con-
straint equations which are intrinsic to the initial hypersurface. Therefore, the first step
is to construct solutions of these constraints. The second step is to solve the evolution
equations with these initial data, in the present case these are first order symmetric hyper-
bolic systems. As we describe later in detail, the complexity of our problems forces us to
consider an additional third step, that is, after solving the constraint equations, we have
to construct the initial data for the equations of the fluid.

The nature of this Einstein-Euler system (1.1), (1.4) and (1.5) forces us to treat both the
constraint and the evolution equations in the same type of functional spaces. Under the
above consideration, we have established the well posedness of this Einstein-Euler system
in a weighted Sobolev space of fractional order.



We will briefly resume the situation in the mathematical theory of self gravitation perfect
fluids describing compact bodies, such as stars: For the Euler-Poisson system Makino
proved a local existence theorem in the case the density has compact support and it vanishes
at the boundary, [23]. Since the Euler equations are singular when the density p is zero,
Makino had to regularize the system by introducing a new matter variable (w = M (p)).
His solution however, has some disadvantages such as the fact they do not contain static
solutions and moreover, the connection between the physical density and the new matter
density remains obscure.

Rendall generalized Makino’s result to the relativistic case of the Einstein—Euler equations,
[28]. His result however suffers from the same disadvantages as Makino’s result and more-
over it has two essential restrictions: 1. Rendall assumed time symmetry, that means that
the extrinsic curvature of the initial manifold is zero and therefore the Einstein’s constraint
equations are reduced to a single scalar equation; 2. Both the data and solutions are C§°
functions. This regularity condition implies a severe restriction on the equation of state
p = K€, namely v € N.

Similarly to Makino and Rendall, we have also used the Makino variable
w=DM(e)=¢€7 . (1.7)

We are now encountering the compatibility problem of the initial data for the fluid and
the gravitational fields. There are three types of initial data for the Einstein-Euler system:

e The gravitational data is a triple (M, h, K), where M is space-like manifold, h = hg,
is a proper Riemannian metric on M and K = K, is a second fundamental form on
M (extrinsic curvature). The pair (h, K') must satisfy the constrain equations

_ ab ab 2 _
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where R(h) = h® Ry, is the scalar curvature with respect to the metric h.

e The matter variables, consisting of the energy density z and the momentum density
j%, appear in the right hand side of the constraints (1.8).

e The initial data for Makino’s variable w and the velocity vector u® of the perfect
fluid.

a

The projection of the velocity vector u®, u®, on the tangent space of the initial manifold

M leads to the following relations

{ z = e+ (e+ p)hagputa®

J* = (e+p)u'V1+ hgputu’ (1.9)



between the matters variable (z,j¢) and (w,u?). We cannot give w, @® and by relations
(1.5) and (1.9) solve for z and j®, since this is incompatible with the conformal scaling

(see Section 3.1). In order to overcome this obstacle, we let z = y% and j* = v*/z, then
(1.9) is equivalent to (3.10) and the last one is invertible. But now we need to estimate z
by v in the corresponding norm of the function spaces, and this leads to in an algebraic
relation between the order of the functional space k£ and the coefficient v of the equation

of state (1.5) of the form

2+ k
1<7<% (1.10)

This relation can be easily derived by considering || D*y||1,, || < k. Moreover, it can be

interpreted either as a restriction on v or on k. Thus, unlike typical elliptic and hyperbolic

systems where often the regularity parameter is bounded from below, here we have both
2

lower and upper bounds for differentiability conditions of the sort & < —=. A similar

phenomenon for Euler-Poisson equations was noticed by Gamblin [17].

We want to interpret (1.10) as a restriction on k rather than on 5. Therefore, instead
of imposing conditions on the equation of state and in order to sharpen the regularity
conditions for existence theorems, we are lead to the conclusion of considering function
spaces of fractional order, and in addition, the Einstein equations consist of quasi linear
hyperbolic and elliptic equations. The only function spaces which are known to be useful
for existence theorems of the constraint equations in the asymptotically flat case, are the
weighted Sobolev spaces Hys, k € N, 6 € R, which were introduced by Nirenberg and

Walker, [27] and Cantor [3], and they are the completion of C$°(R?) under the norm
(lullks)? =D / (1 + ) +e)ou]) da (1.11)
la|<k

Hence we are forced to consider new function spaces H,5, s € R which generalize Hj s
to fractional order. The well posedness of the Einstein-Euler system is obtained in these
spaces and to achieve this, we have to solve both the constraint and the evolution equations
in the Hj s spaces.

This paper deals with the construction of the initial data and solution to the constraint
equations. The solution of the evolution equations will be treated in a different publication
and is available as an electronic preprint [7].

The paper is organized as follows: In Section 2 we define the weighted Sobolev spaces
of fractional order H,s; and present our main results. These include a solution of the
compatibility problem, the construction of initial data and a solution to the evolution
equations in the H; s spaces. The announcement of the main results has been published in

]

Section 3 deals with the constructions of the initial data. The common Lichnerowicz-York
scaling method for solving the constraint equations cannot be applied here directly [11],
[9], [34], since it violates the relations (1.9). We need to invert of (1.9) in order construct
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the initial data and there are two conditions which guarantee it: the dominate energy
condition hgpj®j° < 22, this is invariant under scaling; and the causality condition, which
states that the speed of sound (1.6) has to be less than the speed of light. Unfortunately
the last condition is not invariant under scaling. It is also necessary to restrict the matter
variables (z,j%) to a certain region. We show the inversion of (1.9) exists provided that
(z,7%) belong to a certain region. This fact enables us to construct initial data for the
evolution equations.

In Section 4 we study elliptic theory in Hs which is essential for the solution of the
constraint equations. We will extend earlier results in weighted Sobolev spaces of inte-
ger order which were obtained by Cantor [9], Choquet-Bruhat and Christodoulou [12],
Choquet-Bruhat, Isenberg and York [13], and Christodoulou and O’Murchadha [15] to the
fractional ordered spaces. The central tool is a priori estimate for elliptic systems in the
H, s spaces (4.21). Its proof requires first the establishment of analogous a priori estimate
in Bessel potential spaces H®. Our approach is based on the techniques of pseudodiffer-
ential operators which have symbols with limited regularity and in order to achieve that
we are adopting ideas being presented in Taylor’s books [30]and [31]. A different method
was derived recently by Maxwell [21] who also showed existence of solutions to Einstein
constraint equations in vacuum in H s with the best possible regularity condition, namely
5> % The semi-linear elliptic equation is solved by following Cantor’s homotopy argument
[9] and generalize it in Hj 5 spaces.

Finally, in the Appendix we deal with of the construction, properties and tools for PDEs
in the weighted Sobolev spaces of fractional order H, ;. Triebel extended the Hy s spaces
given by the norm (1.11) to a fractional order [32], [33]. We present three equivalent norms,
one of which is a combination of the norm (1.11) and the norm of Lipschitz-Sobolevskij
spaces [29]. This definition is essential for the understanding of the relations between the
integer and the fractional order spaces (see (5.3)). However the double integral makes it
almost impossible to establish any property needed for PDEs. Throughout the effort to
solve this problem, we were looking for an equivalent definition of the norm: we let {1;}52,
be a dyadic resolution of unity in R? and set

=37 269 (yu)ys |13, (1.12)
7=0

where (f).(x) = f(ex). When s is an integer, then the norms (1.11) and (1.12) are
equivalent. Our guiding philosophy is to apply the known properties of the Bessel potential
spaces H® term-wise to each of the norms in the infinite sum (1.12) and in that way to
extend them to the H,; spaces. Of course, this requires a careful treatment and a sound
consideration of the additional parameter . Among the properties which we have extended
to the H,s are algebra, Moser type estimates, fractional power, compact embedding and
embedding to the space of continuous functions.



2 New Function Spaces and the Principle Results

Our principle results concern the solution of the compatibility of the initial data for the
equations of the fluid and the gravitational field (1.9) and the solutions to the Einstein
constraint equations (1.8). The conformal scaling method reduces the constraint equations
to an elliptic system, and the presence of an equation of state (1.5) compels us to treat
these equations in the weighted Sobolev spaces of fractional order. The solution to the
evolution equations (1.1) and (1.3) appears in our preprint [7] and it is also available as an
electronic preprint in [0].

We first define the weighted fractional Sobolev spaces. We make a dyadic resolution of the
unity in R? as follows. Let K; = {z:2/7% <|z| <2772}, (j =1,2,...) and Ky = {z : |z] <
4}. Let {1;}32, be a sequence of C§°(R?) such that ¢;(z) = 1 on K, supp(¢;) C U{I;’_4Kl,
for j > 1 and supp(¢p) C Ko U Kj.

We denote by H*® the Bessel potential spaces with the norm (p = 2)

ul% = / (1+ € la(e) P,

where @ is the Fourier transform of u. Also, for a function f, f.(z) = f(ex).

Definition 2.1 (Weighted fractional Sobolev spaces: infinite sum of semsi
norms) For s >0 and —oco < § < 00,

2 3 i
(lallar, )™ = > 252 (W50) @y 1 7y (2.1)
j

The space Hy s is the set of all temperate distributions with a finite norm given by (2.1).

2.1 The principle results

2.1.1 The compatibility of the initial data for the fluid and the gravitational
field

The matter data (non-gravitational) (z,7) which appear in the right hand side of (1.8)
are coupled to the initial data of the perfect fluid (1.2) via the relations (1.9). Thus,
an indispensable condition for obtaining a solution of the Einstein-Euler system is the
inversion of (1.9). This system is not invertible for all (z,;%) € R, x R?, but the inverse
does exist in a certain region.

Theorem 2.2 (Reconstruction theorem for the initial data) There is a real func-
tion S :0,1) — R such that if

0 < 2z < S(Vharjj*/2), (2.2)

then system (1.9) has a unique inverse. Moreover, the inverse mapping is continuous in
Hg 5 norm.



Remark 2.3 The matter initial data (z,j*) for the Einstein-Euler system with the equa-
tion of state (1.5) cannot be arbitrary . They must satisfy condition (2.2). This condition
includes the inequality

2 2 hapj*5", (2:3)

which is known as the dominate enerqy condition.

2.1.2 Solution to the constraint equations

The gravitational data is a triple (M, h, K), where M is a space-like asymptotically flat
manifold, h = hg, is a proper Riemannian metric on M, and K = K, is the second
fundamental form on M (extrinsic curvature). The metric hy, and the extrinsic curva-
ture K must satisfy Einstein’s constraint equations (1.8). The free initial data is a set
(Bab, A, U, 0%), where hap is @ Riemannian metric, Agy, is divergence and trace free form, ¢
is a scalar function and ©* is a vector.

Theorem 2.4 (Solut'ioni of the constraint equations) Given free data
(habaAabvgaﬁa) such that (hab - I) S Hs,é; Aab € Hs—175+17 (?),@a) S Hs—1,5+2; g < s <
2o 45 and =5 <6< —3.

(i) Then there exists two positive functions a and ¢ such that (a« — 1), (¢ — 1) € Hgs, a
vector field W € Hy s such that the gravitational data

hay = () gy and — Ku = (pa) 2 Ay + ¢ 2L(W) (2.4)

satisfy the constraint equations (1.8) with z = gb*BjQ% and j° = gb*logjv%l@b as the
right hand side, here L is the Killing vector field operator. In addition, the Hgs x
Hs 1541 norms of (hay—1, Ku) depend continuously on the Hg s X Hs_1 541 X Hs_1 512
norms of (hay — I, Aay, 7, 7%).

(ii) Let hey = @*hay, 2 = gj%, O = gj%ﬁ“ and Q! denote the inverse of relations

(1.9). If (ﬁab,é,j’a) satisfies (2.2), then the data for the four velocity vector and

Makino variable are given by: z = ¢~82, j@ = (25_105“,

(w,u") := Q7 (2,5 and i’ =1+ hgpua’ (2.5)

and they satisfy the compatibility conditions (1.9). In addition, the Hs 1542 norms
of (w,u®, u® —1) depend continuously on the Hy 5 X Hs_1 519 norms of (hay— 1,7, 7%).

3 The Initial Data

The Cauchy problem for the Einstein field equations (1.1) coupled with the Euler equations
(1.4) consists of solving a coupled hyperbolic system with given initial data. There are two
types of data for equations (1.1), the gravitational and the matter data.
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The gravitational data is a triple (M, h, K), where M is a space-like manifold, h = hy, is
a proper Riemannian metric on M and K = K is the second fundamental form on M
(extrinsic curvature).

Let n be the unit normal to the hypersurface M, 0§ + n“ng be the projection on M and
define

z = Thn™n”, (3.1)
J* = (62 4+ nny) T ng. (3.2)

The scalar z is the energy density and the vector j¢ is the momentum density. These

quantities are called matter variables and they appear as sources in the constraint equations
(3.7) and (3.8) below.

In conjunction with these we must supply initial data for the velocity vector u®. So we
apply the projection to u® and set 4* = (§%5 + n®ng)u”. Then from the relation of the
perfect fluid (1.2) , (3.1), and (3.2) we see that

z = (e+p)(ngu”)* —p, (3.3)
j* = (e—i-p)ﬂa(nguﬁ). (3.4)

The vectors 7% and u® are tangent to the initial surface and so they can be identified with
vectors j* and u® intrinsic to this surface. Recalling the normalization condition (1.3), we
have —1 = —(ngu®)? + hg,u®a’. Thus the matter data (z,j¢) can be identified with the
initial data for the velocity vector as follow:

z = e+ (e +p)hyu'd, (3.5)

J¢ = (e+p)u*\/1+ hyutub. (3.6)

These two types of data cannot be given freely, because the hypersurface (M, h) is a
sub-manifold of (V) ¢g), therefore the Gauss Codazzi equations lead to Einstein constraint
equations

R(h) — Kgp K + (hK4)? = 16mz (Hamiltonian constaint) (3.7)
OV, Kk® - OV (h*K,) = —8rj® ( momentum constraint). (3.8)

Here R(h) = h® Ry, is the scalar curvature with respect to the metric h.

We turn now to the conformal method which allows us to construct the solutions of the
constraint equations (3.7) and (3.8). Before entering into details we have to discuss the
relations between the initial data for the system of Einstein gravitational fields (1.1) and
Euler equations (1.4) which are given by (3.5) and (3.6). As it turns out this relations is
by no means trivial, and indeed they will force us to modify the conformal method.



3.1 The compatibility problem of the initial data for the fluid
and the gravitational fields

On the one hand, the initial data for the Euler equations are w(e) and u®. On the other
hand z = F(w(e),u*) and j* = H(w(e), u*), which are given by (3.5) and (3.6) respectively,
appear as sources in the constraint equations (3.7) and (3.8). There we have the possibility
of either to consider w and u® as the fundamental quantities and construct then z and ;¢
or, vice verse, to consider z and j* as the fundamental quantities and construct then w
and u®.

The first possibility does not work because the geometric quantities which occur on the
left hand side of the constraint equations are supposed to scale with some power of a scalar
function ¢. So z and 5%, which are the source terms in the constraint equations, must also
scale with a certain power of ¢. If € is scaled with a certain power of ¢, then p would be
scaled, according to the equation of state (1.5), to a different power. Hence, by (3.5) z
is a sum of different powers. Thus, the power which € and p are scaled would have to be
zero and they would be left unchanged by the rescaling. Similarly it can be seen that u®
would remain unchanged. So in fact z would be unchanged and this is inconsistent with
the scalding used in the conformal method.

Instead of constructing (w,a®) from (z,j%) it is more useful to introduce some auxiliary
quantities. Beside the Makino variable w = EWT_l, we set

y = T and 0% = j; (3.9)

Now we consider the following map

w wll + (1 + Kw?)hgutut)) = y
® ( e ) = ( (14 Kw?)ao\/1+hyoabae = ( 00 ) ; (3.10)

1+(1+Kw?)hp ubuc

which is equivalent to the equations (3.5) and (3.6). The initial data (w,a®) for the fluid
are reconstructed through the inversion of ® above.

Theorem 3.1 (Reconstruction theorem for the initial data)  There is a func-
tion s : [0,1) — R such that the map ® defined by (3.10) is a diffeormophism from
[0, (VAE)2) x R3 to Q, where

Q={(y,v"):0<y<s < habvavb>  hapv®0® < 1}, (3.11)

Proof (of theorem 3.1) Let p = \/hgu®u®, 1 be a unit vector and Rz« be the rotation
with respect to the metric hy, such that u® = pRgag. Then

y—=1
w w w1+ (1+ Kuw?)p? =
@ ( aa ) - @ ( praa'lj[,O > = < (1+Kw2)Rﬁaﬂ0p1/1+p2 . (312)

1+ (1+Kw?)p?
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Therefore, we can first invert the two dimensional map

w wll + (14 Kw?)p? s
@( p ) = ( (14 Kuw?)or/ 1102 ) (3.13)

1+(1+Kw?)p?

for p > 0 and then apply again the rotation. For w > 0, we decompose © of (3.13) as
follows:

2 a=1
<w>'_>(e>'_>< €+(6+p(€))p2>::<z>|_>(zrz ) (3.14)
p p (e+p(€e))py/1+p r p
In order to show that this is a one to one map, we need to show that the Jacobian of

Gle, p) := (e+ (e +p(€))p?, (e + p(€))py/1 + p?) does not vanish. This computation results
with

L+ (L+p)p* (L+p)py/14p? +
et ( (e +p)2p (e + p) 1222 = (6—p>2 (1+p*(1—1p"). (3.15)
V102 vitp
Recall that is the speed of sound is given by (1.6), therefore the causality condition o2 <
c? = 1 imposes the below restriction of the domain of definition of the map ©:

2 /_ap_(9

=p _g—a(Ke”’)szﬁ_l:’wa2<l. (3.16)

g

Let S be the strip {0 < w < (VAK) 2,0 < p < oo}, We now want to show that

O : S — O(9) is a bijection. Clearly, ©(0, p) = (0, \/1‘;—2) maps {0} x [0, 00) to {0} x[0,1)
p

in a one to one manner, and O(w, 0) = (w, 0) is of course a bijection. The line (\/’}/K)_%,p)
is mapped to the curve

-1

( y(p) ) _ WV_K);\}L%QPZV _ (3.17)

1+2p2

Since % > (), there exists a function s : [0,1) — R such that the curve (3.17) is given by
the graph of s and the image of © is the set below this graph, that is,

O(S) ={(y,z) :y < s(x),0 <x <1}, (3.18)

By (3.14), (3.15) and (3.16) we conclude that the Jacobian of the map © does not vanish
in the interior of S, hence © : § — O(5) is locally one to one map. It is well known that
a locally one to one map between two simply connected sets is a bijective map. [ ]
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3.2 Cantor’s conformal method for solving the constraint equa-
tions

In principle there are two possibilities for solving the constraint equation for an asymptot-
ically flat manifold:

e Either to adapt directly the method of York et all, but then one is forced to im-

pose certain relations between R(h) and the second fundamental form (see Choquet-
Bruhat and York [14] for details).

e These undesirable conditions can be substituted by a method developed by Cantor
and we will describe it in the following. (This method has been discussed in detail
in the literature, see for example [2], [14], [9] [15] and reference therein.)

In this method parts of the data are chosen (the so-called free data), and the remaining
parts are determined by the constraint equations (3.7) and (3.8). The free initial data
are (Bab, A, 2,5), where A, is a divergence and trace free 2-tensor. The main idea is to
consider two conformal scaling functions, a and ¢.

1. We start with hg, = a*he,. If o is a positive solution to (3.24), then R(h) = 0. The
Brill-Cantor condition (see Definition 3.5) is necessary and sufficient for the existence
of positive solutions. Having solved equation (3.24), we now adjust the given data

to the new metric: A% = o 194%, 2 = o787 and j¢ = o~ 1%j°.

2. The second step here is solve the Lichnerowicz Laplacian (3.28) and set
K% = (L(W))™ 4+ a0 A, (3.19)
where (L£(W))™ is the Killing operator giving by (3.26).
3. The third step is: If ¢ is a solution to the Lichnerowicz equation (3.29), then it follows

from (3.30) that the data hg, = ¢*hapy, K® = ¢ 10K 2 = $=82 and j* = ¢~ 100
satisfy the constraint equations (3.7) and (3.8).

For the Einstein-Euler system with the equation of state (1.5) it is essential that the initial
data will satisfy condition (3.11) of Theorem 3.1. Therefore in this case it is necessary to
adjust this method.

Here the free initial data are: -
(hab7 Aab7 Qa {)b) . (320)

where A, is trace and divergence free, that is, paA“b = hgpA®™ = 0, where D, is the
covariant derivative with respect to the metric hy,,. We require that the matter data
(g,0%), will satisfy the condition

0<g<s (x/ﬁab@a@b> , (3.21)

11



where s(-) is given by (3.18). The remaining initial data are determined by the constraint
equations (3.7) and (3.8), relations (3.9) and Theorem 3.1.

Remark 3.2 The distinction between the gravitational data (ﬁab, flab) and the matter data
(2,7") is caused by condition (3.11). For if we make the scaling hay = ¢*hay, 2 = ¢ 8%,
and 7° = ¢71950, then o* = ¢20°, § = ¢~*0"Vy and hap099° = hayv?0?. Thus under this
conformal transformation, the argument of s in (3.11) is invariant, while the left hand
side will be affected. Therefore the free initial data are partially invariant under conformal
transformations.

Now, if we perform the conformal transformation

~

hap = & hap, (3.22)
then the scalar curvature with respect to the metric fzab, R(iz), satisfies
— 8Aa + R(h)a = R(h)a?®. (3.23)

Therefore, if there exists a nonnegative solution to the equation

1 -
~ Aja+ SR(R)a =0, (3.24)

then the metric hq, given by (3.22) will have zero scalar curvature. We continue the
construction as follow. Let A% = a7194% D, denotes the covariant derivative with
respect to the metric hgp, since D,A% = a~10D, A% A% is a divergence and trace free 2
tensor.

AssumeAlA( is a symmetric covariant 2-tensor which satisfies the maximal slice condition,
that is e K% = 0. Then we split K by writing it for some vector W:

K = A% 4 LoW), (3.25)

where £ is the Killing field operator
“ ab N ~\ ab 14 N N “ N 1- N ~
(L(W)) _ <£Wh> — ShTekyh = DWW+ Dy — Sk e, (3.26)
and £y h is the Lie derivative. The momentum constraint (3.8) is now equivalent to
A A A ~ ab N
DK™ =D, (E(W)) - (3.27)
that is, W is a solution to the Lichnerowicz Laplacian system

(A, W)= D, (r:(W))ab = AW+ %Db (bawa) +RYW = —8r, (3.28)

12



here ]A%Z is the Ricci curvature tensor with respect to the metric fzab.

Having solved the Lichnerowicz Laplacian (3.28), we consider the Lichnerowicz equation
1, 4
—Ajp =220 + §K2K§¢‘7. (3.29)

Now we put hap = ¢ hay, Kap = ¢ 2Kap, 2 = ¢ 82 and j° = ¢~195%. Since

1 1 1., -
— 84 = ¢S R(h) = ¢° (2m +3 gKg) = ¢ (27773¢8 + §K3K5¢12) , (3.30)
the Hamiltonian constraint (3.7) is valid, and since
D K% = ¢ D, K% = —87¢ 1%} = —&nj° (3.31)

the data (hap, Kap, 2, j°) satisfy the constraint equations (3.7) and (3.8). In order that
the matter variables and (z,7) satisfy the compatibility conditions (3.5) and (3.6) it is

—1 .
— ¢ 0 j and o* = L = ¢72" satisfy

necessary to check that y = 25 = (425_82)72
condition (3.11). Indeed,

0<y<s (\/ habvavb) S0< ¢ 0 g < s (\/ ﬁab@a@b) , (3.32)

but since ¢ > 1, ¢~*"1g < § and thus assumption (3.21) assures condition (3.11).

Theorem 3.3 (Construction of the gravitational data) Gwen the free data
(habaAab7@7@b> such that (hab - I) S Hs,é; Aab S Hs—1,5+1; @’@b) € Hs—1,§+2; g < s <
1

% + % and —% <0 < —5. Then the gravitational data:

hay = () hap and — Ku = (¢a) 2 Ag + ¢ 2L(W)

satisfy the constraint equations (5.7) and (3.8) with z = gb*ngvzj and j° = ¢*1Og)%@b as
the right hand side. In addition, (ha — I) € Hyss and Ko € Hs_ 1541 and therefore if
% < s < % + %, then these data have the needed regqularity so they can serve as initial
data for the evolution equations of the Finstein’s Gravitational Field Equations (1.1).

Proof (of Theorem 3.3)

e The free data are (hap, Aap, §,0°), where (hgy—I) € Hys, Ay € Hy_1 541 a divergence
a trace free 2-tensor and (g, %) € Hy_1 s420.

e The function « satisfies equation (3.24), so by Theorem 3.6 & > 0 and (o —1) € Hy
provided that s > 2 and § > —%. Since « is continuous and limjg .o a(z) — 1 = 0,
there is a compact set D of R? such that a(z) > 3 for ¢ D and minp a(z) > to > 0.
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e The function F(t) := 1% has bounded derivatives in [min{ty, 5},00), so by Moser
type estimate, Theorem 6.10, o™ — 1 = =2 € H 5.

e Now, by algebra (Proposition 6.7), (hey—1I) = (a*hey—1I) € H,5and A% = o 104% ¢
Hy 1541

e The matter variables (é,jb) are given by 2 = @%, 7% = 20°. Therefore Proposition
6.8 implies that 2 € Hy_y 542, provided that % <s—1< %4—% and also j° € Hg 1542
by the Proposition 6.7.

e The vector W is a solution of the Lichnerowicz Laplacian (3.28), thus according to
Theorem 3.8 below, W € H, s if s > 2. Hence K% given in (3.25) belongs to Hs_1 541-
Again, by Proposition 6.7, KgKg € Hy 9512if s >2and d > —%.

e Setting u = ¢ — 1, then Lichnerowicz equation (3.30) becomes
1~
— ANju=2m3(u+1)"%+ gKSKg(u +1)7". (3.33)

e So applying Theorem 4.12 with s’ = s and ¢’ = J results that (¢ —1) =u € Hy5 and
(p—1)=u>0.

Combining our results of Section 3.1 with Theorem 3.3 we obtain the following corollary:

Corollary 3.4 (Construction of the data for the fluid) Given the free data

(habaf_labv:%@b) such that (hab - I) S Hs,ﬁ; Aab S Hs—lﬁ—&—l; (gﬂjb) S Hs—1,5+2; g <5<

% + %, —% <0< —% and (9,0%) € Q, where § is given by (3.11). Then the data of the
four velocity vector u® and the Makino variable w are: y = ¢~ *0~Vg, vb = ¢=20?,

(w,u") := &y, v*) and @ =1+ hgu'a’
and the data for the energy and momentum densities are: z = y%, 7% = zv*. These data
satisfy the compatibility conditions (3.5) and (3.6). In addition, by Moser type estimate
Theorem 6.10 and Proposition 6.7, (w,u*) € Hs_1 542 and u® — 1 € Hy_1 5.9 and therefore
z'f% <s< % + %, then these data have the needed regularity so they can serve as initial
data for Euler equations (1.4).

3.3 Solutions to the elliptic systems

This section is devoted to the solutions the linear elliptic systems (3.24) and (3.28). The
assumption on the given metric hgp is that (he, — I) € Hss. So according to Theorem
4.7 of Section 4, the operator A : Hy5 — Hy 9542 is semi Fredholm. In fact, it is an
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isomorphism, this can be shown in a similar manner to Step 1 of Section 4.3. We now

consider the operator
1 _
L= —AE + gR(h) : HS75 — H372,5+27 (334)
this is also semi Fredholm. If R(h) > 0, then L is injective. However, a weaker condition is
that L does not have non-positive eigenvalues, the variational formulation of this property

known as the Brill-Cantor condition [10].

Let us first introduce few notations. For a Riemannian metric hay, We set (Du, Dv)j, =
h*9udyv, |Dul? = (Du, Du); and pi, is the volume element with respect to the metric
Rap-

Definition 3.5 (Brill-Cantor condition) A metric hy, satisfies the Brill-Cantor

condition if -
LD+ LR d
u#0 [ w?dug

where the infimum is taken over all u € Cj(R?).

>0, (3.35)

This condition is invariant under conformal transformations, a fact that has been proved
for example in [13]

Theorem 3.6 (Construction of a metric having zero scalar curvature)  As-
sume the given metric hy, satisfies (Bab —Owp) € Hs5,5>2,0 > —% and hy, satisfies the
Brill-Cantor condition (5.35). Then there exists a scalar function o such that o —1 € Hy s,
a(x) > 0 and the metric Bab = a*hg has a scalar curvature zero.

Proof (of Theorem 3.6) The desired « is a solution to the elliptic equation (3.24). By
setting u = o« 4+ 1 this equation goes to

1 _ - 1 _ -
Lu = —Aju+ gR(h)u = —gR(h). (3.36)
We define for 7 € [0, 1], Lyu = —Aju+ ZR(h)u. If Lyu = 0, then by Lemma 4.9, u € H,
SO

0= (u, Lyu) = / (\Du]% + gR(ﬁ)uz) dyiz. (3.37)

Now, if [ R(h)u*du; > 0, then obviously (3.37) implies that u = 0. Otherwise
[ R(h)u*du; < 0, then there is sequence {u,} C C§° such that u, — v in H,_; - norm
and

1_ - 1. -
/ (|Du|§ + gR(h)u?) dp; — lim / (|Dun|§ 4 gR(mug) dp > 0 (3.38)
by the Brill-Cantor condition (3.35). Substitution of (3.38) in (3.37) yields

0= / (|Du|i + éR(h)uQ) du;, + (r g D /R(h)uzduh, (3.39)
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this is certainly a contradiction. Thus L, is injective for each 7 € [0,1], Ly = —Aj is
isomorphism, hence L; = —Aj, + %R(l_z) is isomorphism by Theorem 4.8. Having proved
the existence, we now show that @ = w + 1 is nonnegative. The set {z : a(z) < 0}
has compact support since lim, ., u(x) = 0 by the embedding Theorem 6.13. So letting
w = —min(«,0), we have w € H}(R?) and if the set {z : a(z) < 0} is not empty, then
w Z 0 and then the Brill-Cantor condition gives

1
/{ . (]Dw]i + gR(h)wz) dug, > 0. (3.40)

On the other hand, according to Definition 4.10 of weak solutions,

0= / ((Da, Dw)j, + éR(h)aw) duy = — /{M} (|Dw|§ + %R(h)uﬁ) dup.  (3.41)

So we conclude that o« > 0. Since o > 0, we have by Harnack’s inequality

supa < Cinf «
B, B

provided that B, is sufficiently small ball. Hence, the set {a(z) = 0} is both open and
closed, which is impossible. Thus a(z) > 0. n

Remark 3.7 The conditions for applying Harnack’s inequality to a second order elliptic
operator

Lu = 0, (Aw(x)0pu) + C(z)u

are boundedness of the coefficients (see e. g. [15]; Section 8) However, following carefully
the proofs we found it can be applied also when the zero order coefficient belongs to L (R?)
with q > % In local coordinates equation (3.24) takes the form

La—0, («/ |7z|7zababa) N )

For s > 2, \/|h|h® are bounded and non-degenerate, while \/|h|R(h) € L?_(R?).

loc

We turn now the Lichnerowicz Laplacian system (3.28).

Theorem 3.8 (Solution of Lichnerowicz Laplacian)  Let hay e a Riemannian
metric in R so that (h — I) € Hys. Let vector j° € Hy 5549, 8 > 2 and & > —g. Then
equation (3.28) has a unique solution W € H, .

Proof (of theorem 3.8) In order to verify condition (H1) of Section 4.2 we compute the
principle symbol of La, in (3.28). For each £ € T; M, the principle symbol (ALﬁ (f))z is
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a lineakr map from E, to F,, where F, and Fgﬁ are a fibers in T, M. In local coordinates
Aj = h®9,0, + lower terms and D, = 9, + I'(h®®, dh,,), hence

(81, (0)! = leot + 56 (3.42)

Therefore
(AL, (&) mom); = b (La, (©)) nn° = |€[nf? + %(&m“)Q > €[ |nf3. (3.43)

Thus (AL;; (f))z has positive eigenvalues and therefore La, is strongly elliptic. Further-

~

more, by Proposition 6.7 and Remark 6.11 we have that if (he — I) € Hss, s > 2 and
0> —%, then
AL}AL : Hs,5 - H572,5+2-

Hence, we may apply Theorem 4.8 in order to obtain existence of the elliptic system (3.28).
For the given metric ﬁab we define one parameter family of metrics hy = (1 — ¢)I + tﬁ,
0 <t <1, and the following associated operators with respect to these metrics: (D,); the
covariant derivative, £; the Killing operator and L, = Ay, = (D); - L; the Lichnerowicz
Laplacian. We want to show that L, is injective. We recall that —2L; is the formal adjoint
of Dy (see e. g. [3]), in addition, if L;(W) = 0, then by Lemma 4.9 implies W € H, _;.
Thus we may use integration by parts and get

0= (WL, = [ )y WL, = [ () WOD2)e - (L0 dpi,

(3.44)
= =2 [ () (0 (VAL = =2 [ 1EV) g,
Now, if let i = |h|"3hy, then
-~ 1 2 1
£Wh = |ht‘_§ (fwht - htg(Da)tWa) == ’ht‘_§£t<W). (345)

Thus Ly(W) = Ap, (W) = 0 implies W = 0 if and only if there are no non-trivial Killing
vector fields W in H, _;. This fact has been proved by G. Choquet and Y.Choquet-Bruhat
[11] for s > %, D. Christodoulou and N. O’Murchadha for s > 3 4+ 3 [17], and Bartnik for
s > 2 [1] (See also Maxwell [21], where he obtained the minimum regularity s > 3 ). Now
Ly = Ay, is an operator with constant coefficients, so by Lemma 4.5 is an isomorphism. m

4 Quasi Linear Elliptic Equations in H,

In this section we will establish the elliptic theory in H, s which is essential for the solution
of the constraint equations. We will extend earlier results in weighted Sobolev spaces of
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integer order which were obtained by Cantor [9], Choquet-Bruhat and Christodoulou [!2]
and Christodoulou and O’Murchadha [15] to the fractional ordered spaces. The essential
tool is the a priori estimate (4.18) and proving it requires first to establish an analogous
a priori estimate in Bessel potential spaces. Our approach is based on the techniques
of Pseudodifferential Operators which have symbols with limited regularity and we are
adopting ideas being presented in Taylor’s books [30]and [31]. A different method was
derived recently by Maxwell [24].

4.1 A priori estimates for linear elliptic systems in H*

In this section we consider a second order homogeneous elliptic system

(Lu)' =" al(2) 0.0, (4.1)

a757j

where the indexes 4,7 = 1,,, N and «, 3 = 1,2,3 (since only R? is being discussed in this
paper). We will use the convention

Lu = A(z)D?u, (4.2)

where A(z) = aff (2), (D?u)! 3 = 9a0pu? and (A(z)D>u); = a%ﬁ(x)(DQU)iﬂ. The symbol
of (4.1) is N x N matrix A(x,£), defined for all £ € C? as follows:

Az, &)y ==Y a5l (x)i&yis. (4.3)
a,B

The following definitions are due to Morrey [20].

Definition 4.1

1. The system (4.1) is elliptic provided that

det (A(z,€)) = det (Z a%ﬂ(x)§a§3> # 0, forall  0#¢&eR? (4.4)

a7ﬂ

2. The system (4.1) is strongly elliptic provided that for some positive A

(A, On.m) = > ail (@)alan'n’ > MEL . (4.5)

a,B,i,]

Our main task is to obtain a priori estimate in the Bessel potential spaces H* for the
operator (4.1) whose coefficients a;]ﬂ belong to H®2. In case s and s, are integers, then
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one may prove (4.8) below by means of induction and the classical results of Douglas and
Nirenberg [16], and Morrey [26]. We will employ techniques of Pseudodifferential calculus.
If the coefficients of the matrix A belongs to H®2, then A(z,&) € H®S? o, that is,
108 A, )| s> < Cal1 4 [€[2)@12D/2). We follow Taylor and decompose

Az, ) = A% (x,€) + A(x,€) (4.6)

in such way that a good parametrix can be constructed for A#(x,€), while A%(z, &) will
have order less than 2. According to Proposition 8.2 in [31], for s, > 2 there is 0 < § < 1
such that

A esl,  AwOeH LT, o=m-
where A% (z,8) = Y00 Jo Az, &) dx(§), €, = c27%. Here {¢;} is the Littlewood-Paley
partition of unity, that is, g9 € C°(R?), ¢o(0) = 1, ¢p(€) = ¢o(27"¢) — ¢o(27+'¢) and

Y reo @k(§) = 1. The smoothing operator J, is defined as follows:

Jof (@) = 6o(eD) () = (%) [ aisa =y

where g/go is the inverse Fourier transform. In order that A* will have a good parametrix we
need to verify that it is a strongly elliptic. Since the original operator is strongly elliptic,

> T all (@)én(§)Ealan'

a,B,1,j
() / (ﬂZ (D))t - x>¢k<£>fa£gninf> &
2 () roolePnr [ 6Ly = APl
— AGOIER P

for each fixed k. Summing over the k we have,
(A* (2, &)n,n) Z > ( 00 U) )r(§)Ealan'n’ > ZA% EP N = NPl
k=0 o,B,i,j

thus (4.5) holds for A#. The last step assures that || A% (z, )7 <
from the identity (A™') = A71(9(A))A™! that

10708 (A% (2,€))7H| < Cap(1 + |72+,

that is, (A% (z,£))™" € Sy ;. Hence, the operator A% (z, D) has a parametrix E#(z,D) €
OPS;? satisfying

e and then it follows

E#(x, D)A*(x,D) =1 + S, (4.7)
where S € OPS™ (See e. g. [30] Section 0.4).
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Lemma 4.2 (An a priori estimates in H°) Let Lu = A(x)D?u be a strongly elliptic
system and assume A € H®2, sy > % and 0 < s —2 < sy. Then there is a constant C' such
that

e < C{|[Lul

Hs-2) - (4.8)

Proof (of Lemma 4.2) We decompose A(z, D) as in (4.2) and let E#(x, D) be the above
parametrix, then by (4.7)

[[ul o= + lul

E#(x, D)A(z, D)u = u + Su + E* (2, D)A®(x, D)u. (4.9)
Since E#(z, D), S : H*=2 — H?® are bounded,

|E#(z, D)A(x, D)ul| g« = [|[E¥(x, D) Lu|

Hs—2 (410)

and
[Sullgs < Clul

According to [31] Proposition 8.1, (see also [30] Proposition 2.1.J)

s (4.11)

Ab(z,D) : H° — H*72,
Hence,
| E# (2, D)A*(z, D)ul| s < O||A%(z, D)ul|gs—2 < C||ul| ge-os. (4.12)

Using the intermediate estimate ||u|| gs—os < €||u||gs + C(€)||u|| gs—2, and combining it with
(4.9)-(4.11), we obtain the estimate (4.8). u

4.2 A priori estimates in H;

Our main task here is to extend the a priori estimate (4.8) to Hjs-spaces and for second
order elliptic systems of the form:

(Lu)' = Z a%ﬁ(x)ﬁa(?ﬁuj + Z b5 (2)0u? + Z cij(z)u
a,B,j o,j J

= A(z)D*u + B(z)(Du) + C(x)u.

(4.13)

Here A(z) is as in the previous subsection, B(x) = b§(z), (Du)), = 0./, (B(x)Du); =
b3 (2)0qu’ and C(z) = ¢;j(z) is N x N. We introduce the following hypotheses:

Hypotheses (H)

(H1) Za?ﬁf(x)ninjgafﬁ > An2€]?  (i.e. L is strongly elliptic);

(H2) (A(:) — Ay) € Hyy5,, B € Hy s, CE€Hgs,
s; > s—2,0=0,1,2, s9 > %,31 > %,so >0 and 6; > %—i, 1 = 0,1,2,
the matrix A, has constant coefficients and A, D?u is an elliptic system, that is,

det (Z (aoo)?j’ﬁ &fﬁ) # 0.
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We shall first derive an a priori estimate for a second order homogeneous operator
Loyu = A(x)D*u.

Lemma 4.3 (An a priori estimate for homogeneous operator in H,5) Assume
the operator Lo satisfies hypotheses (H) and s > 2. Then

i,5 < C {I|L2ul

lul

Hs—2,5} ) (4'14)

Hg 2510 + ||U|

where the constant C' depends on s,0 and ||A — A

H52,62 :

Proof (of Lemma 4.3) According to Corollary 5.6,

5229 (), |

j=0

2

is an equivalent norm in H,s. The main idea of the proof is to apply Lemma 4.2 to each
term of the equivalent norm above. We use the convention (4.2) and compute

Ly(¢*u) = ¢* Ly (D*u) + Y A(z)R(u, ),
where
R(u,¥)ap = 8¢ (DY), (Y Du)z + 12 (DY), (D) 5 (Yu) + 44 (DQw)aﬁ (Yu).

Applying the a priori estimate (4.8), we have

> 2

lully,, < 22@*5)”\)(%@% ;

< 22( o {HL >)2J He- 2+H (V7). 2‘9-2}
< iz(%%)w{zy (¢ La(u)),, ;2+H(¢;‘u)2j 22}

=\ (3 ; 2
+ ZQ(ZMH)% | (5 AR, ¥5) )5 || e
j=0
S L@)l?,,, +lul,,, + [ARIE, ... (4.15)
The assumption on sy and d, enable us to use Proposition 6.7 and get
||AR| Hs—2,5+2 S C (H(A - AOO)R| Hs—2,5+2 + ||AOOR| Hs—2,5+2)
(4.16)

< C (1A= A1y, + 11 Accll) 1Rt

59,09
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Property (5.4) of 1; and inequality (6.5) imply

1 R)2s [l -2 < C (277 [1(v0 Du)as | 1rs-2 + 272 || (950) s || o2

and hence ||R||y, ,,., < C (|lulln, ., + llulln, ,,). Thus, inequalities (4.15) and (4.16)
yields
lulli,s < € {1t oupn+ (14 = Aty +1) (lullirors + ullm, o)} (417)

Invoking the intermediate estimate ||u||gs—1,6 < \/Q_EHUHHS,g + C(e)||ul| gs—2,5 (see Proposi-
tion 6.6) and taking € so that C <HA — Acolln,, 5, + 1) V2e < 1, we obtain from (4.17) the
desired estimate (4.14). n

Lemma 4.4 (An a priori estimate in H,5)  Assume the operator L of the form
(4.13) satisfies hypotheses (H) and s > 2. Then

1., < C{lLu|

[l He ss) s (4.18)

Hy 2542 + Hu|
where the constant C' depends on s,6 and the coefficients of L.

Proof (of Lemma 4.4) By Lemma 4.3,

lullzz, ; < C{[|L2ul

< C{||Lul

H572,(5}
Ho o+ (L = La)ul

Hy 2542 + ||u|

Hy 2542 + ||u| Hs—2,5+2} )

where (L — Lo)u = B(z)(Du) + C(x)u. Hypothesis (H2) together with Corollary 6.2 and
Proposition 6.7 give

1B(x)(Du)llr, s 500 S NBlla, 5 1DullE, 500 S NBlla,, 5 1wl s (4.19)
and
1C(@)ullm, 500 S NClmy s llullm,_ss-

Finally, we apply the intermediate estimate, Proposition 6.6, to the right hand side of
(4.19) and by taking e sufficiently small we obtain (4.18). n

Lemma 4.5 (Isomorphism of an operator with constant coefficients) Let
Asou = AD?u be a homogeneous elliptic system with constant coefficients. Then for any
s> 2 and —% <0< —%, the operator Ao : Hs 540 — Hy 945 is isomorphism satisfying

||u| Hs s < C||AOOD2u||Hs—2,5+2‘ (420)
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Proof (of Lemma 4.5) Both statements are true when s is an integer and under the
norm (5.1) (see e. g. [12], Theorem 5.1) and by Theorem 5.2 they hold also in the Hjg
norm (2.1). For s between two integers mg and my, we have s = sy = Omg + (1 — 0)my
and s —2 =59 —2 = 0(my — 2) + (1 — 0)(my — 2), where 0 < § < 1. The interpolation
Theorem 6.1 implies

Hys = [Hpmgs, Hnyslo and  Hy o5 = [Hung—25, Hmi—26]0-
Since A : Hyyy 25 — Hpm, 542, 1 = 0,1, is continuous, it follows from interpolation theory
that A : Hy, 25 — Hg, 42 is also continuous (see e. g. [33]). Hence (4.20) holds. u
The next lemma improves the a priori estimate (4.18).

Lemma 4.6 (Improved a priori estimate) Let L be an elliptic operator of the form
(4.13) which satisfies hypotheses (H). Assume s > 2 and —% < 8§ < —3. Then for any &'
there is a constant C' such that

. < C{IILu

Ju Hsan + iy - (4:21)

The constant C depends on the Hy, 5,-norm of the coefficients of L, s, § and §'.

Proof (of Lemma 4.6) Let xg € C°(R3) be a cut-off function satisfying supp(xg) C
{|lz] < 2R}, xr(z) =1 for |z| < R, 0 < xr(z) <1 and [|[0%(grlle < CoR™1?. For u € H, 4
we write

u=(1—xgr)u+ xru
and R will be determinate later on. We start with the estimation of (1 — xr)u|n, , and
for that purpose we use the convention (4.2) and compute

Aso(D*(1 = xr)u) = (1 = XR)Aso(D*u) — 245 (DxR)(Du) — Axe(D*xR)u

4.22
= (1—XR)<LU)+E1+E2, ( )
where
Ey=—(1-xgr) {(A —Ay) (DZu) + B(z)(Du) + C(x)u}
and
Ey = — {2AOO(DXR)(DU) + AOO<D2XR)U}
Applying inequality (4.20) of Lemma 4.5,
11— xr)ulla, s < CllAD*(1 = Xr)W H, s 50 (4.23)
<C {H(l - XR)LU| Hs 2542 + ”El, Hy 2542 + ||E2| Hsf2,§+2} :

Since [|(1 — xg)Lullm, 4,0, S I1Lulln
|1 and |||

+_ss40 (see Proposition 6.4), it remains to estimate
We may choose 0, so that §; > §; > % —14,1=0,1,2 and

Hs 2542 Hs 9542"
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then we put 7 = min;—g12(d; — ;). Under these conditions the application of Corollary
6.2, Propositions 6.5 and 6.7 yield

||E1| Hs_25+2 <C H(l - XR) {(A - AOO) (DQU) + B(Du) + CUH Hs 2542

< {1 = xn) (A= A, 1Dl .

N0 = X Bllr, 1Dl 10 = X0)Cl N} o
Cy

< = (4= Al ,, + 1Bl 5, + 1€, ) Il
CiA

< WHUHHS,W

where A = (/A = Al + 1Blli, s, +1C ., )-

Next, since Dxgr has compact support, Remark 6.3 and Corollary 6.2 imply that

iy + A (DR, f
Hy oy } (4.25)

[

2502 < C(R) {124((DxR) (D)
< C(R)| A {2]Du
< C(R)||Axc] 1

+ lul

Hs—2,§’+1

Hs—l,(s/ :

We turn now to the estimation of ||xgul/m, ;- Noting that (xru) has compact support, we
have by Remark 6.3, (4.18) and Proposition 6.4 that

Ixrullm, s < C(R)Ixrulls, , < CR{ILORW |8, 50, + lulla, ) (4.26)
Similarly to (4.22) we compute
L(xru) = xgL(u) + 2A(Dxg)(Du) + A(D*xg)u + B(Dxg)u. (4.27)

We estimate each term of (4.27) separately. Once again, since ygLu has compact support,

Ixe(Lw)lla, ., < C(R)|Lul

Hy 5 540° (428)
Next, using the second assumption of (H), Proposition 6.7 and the compactness of
supp(xr) we get

12A(Dxr)(Du)l|a, .,
< 2[[(A = As)(Dxr)(Du)|

<C (|4 - A)]

+ 1A DxR) DOl ..

s + 1A IDXR) (D)1, (4.20)
< C(R) (I(A4 = A1, o, + 4]l ) 1D
+ 1Al

H572,5’+2

H

H572,5’+1

< C(R) (1A = Al Hoar
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In a similar manner we estimate the other terms and together with inequalities (4.23)-
(4.26), (4.28) and (4.29) we have

ullz, s < I1(1 = xr)ulla, ;s + IxrU|

Hs,&
1A (4.30)
< {1t s+ Calil o+ Gl
where C; and (5 depend on the norms of the coefficients of L and in addition Cy depends
in R. We now take R such that 1% <1 then (4.21) follows from (4.30). u

The next two theorems are consequence of the compact embedding, Theorem 6.12, the a
priori estimate (4.21) and standard arguments of Functional Analysis.

Theorem 4.7 (Semi Fredholm) Assume the operator L satisfies hypotheses(H), s > 2

and _% << _%, Then L : Hy5 — Hy_9 519 15 semi Fredholm, that is,

(i) dim(KerL) < oo;
(ii) If L is injective, then there is a constant C' such that

a,; < O Lul

(4.31)

lul

Hy_ 95425

(iii) L has a closed range.

Theorem 4.8 (A homotopy argument) Lets > 2 and —3 < § < —1. Assume
L be an elliptic operator of the form (4.13) that fulfilled the hypotheses (H) and L, is a

continuous family of operators which satisfy hypotheses (H) fort € [0,1], L1 = L and
Ly Hy5 — Hy 9549 15 injective.

If

Lo:Hss — Hs 9549 15 an isomorphism,

then the same is true for L.

The next Lemma shows that solutions to the homogeneous system have lower growth at
infinity. We follow Christodoulou and O’Murchadha’s proof [15].

Lemma 4.9 (Lower growth of homogeneous solutions)  Assume L satisfies hy-
potheses (H), u € Hy5, s > 2 and —% <0< —%. If Lu = 0, then w € Hyy for any
1

3 !
—§<(5 <—§.

Proof (of Lemma 4.9) We recall that if 0’ < §, then it follows from Remark 5.4 that
Hgs — H,y. Hence it suffices to show the statement for ¢’ > 6. The conditions on §;
imply that we may find ' > & so that §;+d-+i > ¢'+2— 3. Then applying the Proposition
6.7 to
fi=Axu— Lu= (A, — A(x)) (D2u) — B(z)(Du) — C(x)u,

we obtain that f belongs to H;_3s12. Now Lu = 0, so Ascu = f and since Ay, : Hy 5 —
H_9 549 1s isomorphism by Lemma 4.5, we conclude that hence v € H, 5. We now replace
0 by ¢ repeat the above arguments. [ |
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4.3 Semi Linear Elliptic Equations on Asymptotically Flat Man-
ifolds

A Riemannian 3-manifold (M, h) is asymptotically flat (AF) if there is a compact subset
K such that M \ K is diffeomorphic to R3\ B;(0) and the metric h tends to the identity I
at infinity. A natural definition of the last statement in our case is h — I € Hy 5. We will
hence assume here that h — I € Hy 5, s’ > % and 0" > —%.

We denote by Aj be the Laplace-Beltrami operator on (M, h). In the coordinates

(', 22, 23) it takes the form

1 ij9.
Ap = Waj (\/Wh az) , (4.32)

where |h| = det(h;;) and h" = (h;;)~!. Inserting the identity 9;|h| = |h|tr(h*(9;(hi;)) into
(4.32), we have

Ah = h”@ﬁi + @(h”)@i + §tl"(hw (@(hw))h“@ (433)
Hence, by means of Proposition 6.7, Theorem 6.10 and Remark 6.11, the elliptic operator
(4.33) satisfies hypothesis (H) of Section 4.2 provided that s < &'

Let us introduce some more notations. We denote by p, = +/|h|dz the Lebesgue measure
on the manifold (M, h), (Du - Dv), = h¥d;ud;v, and ||Dul||2 = (Du - Du),. Integration by
parts yields

/(Ahu) vdpy, = /8]- (x/\h|hij8iu) vdx
—/h”@iu@jv\/|h|d:€ = —/(Du~Dv)hd,uh.

Formula (4.34) holds whenever v € Hj(R?), u € Hs5 and s > 1. Therefore it enables us
to define weak solutions on the manifold (M, h).

(4.34)

Definition 4.10 (Weak solutions) A function u in Hs is a weak solution of
—Apu+c(x)u=f € Hy_9540
n (M, h), if
/ ((Du - D)y, + cuv) dpy, = /fvduh, (4.35)
for all v € H}(R?).

Remark 4.11 In case u,v € Hys5, s > 2 and 6 > —1, then by algebra h”d;u, \/|h|0;v €
Hy 1 (see subsection 6.1). Applying the Cauchy Schwarz inequality

/|(Du-Dv)h|d,uh:/|hij8iuajv|\/|h|dx

(/ (W7 du) ) (/\/Wav );§||h"78,-u|
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we see that h70;ud;v|\/|h| € LY(R?). Similarly, the integrand of the left hand side of (4.54)
belongs to L'(R3). Hence, approzimating u and v by C§° functions and using Lebesgue’s
Dominated Convergence Theorem we have

/(Ahu) vdpp, = — /(Du - Dv)pduy, u,v € Hgs, whenevers > 2, andé > —1. (4.36)
In this section we will prove existence and uniqueness for the semi-linear equation
N
— Apu = F(z,u) := Zmi(x)hi(u), (4.37)
i=1

where m; € Hg,s,, mi(z) > 0, s > 0, § > % and for u > —1 the functions h; are
decreasing, nonnegative and smooth. These conditions ensure F(-,u) and %—i(-, u) are in

Hg_9 549 whenever v € H, 5 and s > 2.

Theorem 4.12 (Ewistence and uniqueness) Leth—1¢€ Hyy, s >3, 6 > -3,

2 <s< s and -3 <8 < -1 Then equation (4.57) has a unique solution u in Hy;.

Furthermore, 0 < u < K for a nonnegative constant K.

In order to show Theorem 4.12 we need the weak maximal principle:

Proposition 4.13 (Weak maximal principle) Assumec € Hy_5 5.9 is nonnegative.
If u € Hy 5 satisfies
— Apu+cu <0, (4.38)

then u < 0.
Proof (of Proposition 4.13) For ¢ > 0 we put w = max(u — ¢,0). It has compact

support since lim, .., u(z) = 0. Further, Dw = Du a.e. in {u(z) > €} (see e. g. [18] or
[21]. Thus, w € H}(R?) and w > 0, so by (4.35)

0> / (Du, Dw)y + cuw) dp, — /

{u>e}

(IDul? + ev?) dyan.

Therefore u = € in {u(x) > €}. Since € is arbitrary, we have u < 0. u

Proof (of Existence) The proof will be done in several steps. We define a map & :
{Hs5 x [0,1],u(x) > =1} = Hy 9549 by

O(u,7) = —Apu — 7F(x,u),
let u(7) denotes a solution of ®(u,7) =0 and put J = {0 < s < 1: d(u(s),s) = 0}. We

will show that J is both open and closed set. Since 0 € J, J = [0, 1] which yields the
existence result.
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Step 1. The set J is open.

Let
Lw = (%m, T)> (w) = —Apw — T‘g—];( )W

and

oF
Low = —A{th+(1,t)1}w — ZfTa—p( )w.

If Lyw = 0, then by Lemma (4.9) w € Hs _1. So we may use (4.36) and get

oF
/(Ltw) wdpigin+(1—t1y = / (”Dw”%th-i-(l—t)l} - tTE)_p(" U)w2) Apiftht-(1—)1}-

Since 2F % £ <0, the above yields that L,w = 0 implies w = 0 for each ¢ € [0, 1]. In addition
Ly = —A; = —A is an isomorphism according to Lemma 4.5. Therefore Theorem 4.8
implies that L; = L is an isomorphism too. Thus J is open by the Implicit Function
Theorem.

Step 2. |[u(7)||w, s < C for a constant C' independent of T.

We first establish the bound in Hj s-norm. The weak maximum principle implies u(7) > 0
and since F(x,p) is decreasing in p,

2

HF('7U(7—))”H0,5+2 < HF< ||H0 s+2 — <Zh Hmi||%10,5+2> = K.

We showed in Step 1 that Ay : Hy5 — H,_3549 is injective, therefore from Theorem 4.7
(ii),
()| 1125 < Ol = ApulT) |1 510 < CIEC0) ||t 500 < CK. (4.39)

Now, Theorem 6.10 implies ||hi(u(7))||ms; < Cl/(u(7))||m,s and by Proposition 6.7,
(- u(T) | #1p5 < Ollul7)|| iy - In order to improve (4.39), we take s” so that s” —2 < 2
and s” < s. Then we may apply again (4.31) and combine it with (4.39) and Remark 5.4

we have
lw(T) |, , < Cll = ApulT) a0y s, < Cll — Apu(r)

= CIIFC ulm)lla,,; < Cllu(n)|m,, < CK.

HH2,5+2 (4‘40)

We have proved the boundedness in case s” = s, otherwise we can repeat the same pro-
cedure as above to improve regularity until we would reach the desired regularity. It is
obvious that the bound on |lu(7)|x, ; does not depend on 7.

Step 3. Lipschitz continuity with respect to 7:
Differentiation of the equation ®(u(7),7) = 0 with respect to 7 gives
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—Apu, (1) — T—FF(a:, u(7))u (1) = F(z,u(r)).

Now %—iF(:L‘,p) < 0, so in the same way as we did in Step 1 we obtain that the operator
L=-A,—- T%—I;F(ZE, u(T)) : Hgs — Hg_24519 is injective. Hence, by Theorem 4.7 (ii),

[urlli, s < ClL(ur) b, s 500 = ClE (@, u(T))] 25 (4.41)
Next, Step 2 implies
N
1y u(T ) o500 < CllulT) |, 5 <Z [l H50,50> <C. (4.42)
i=1
Thus, combining (4.41) with (4.42) we get
HU(T1> — U(TQ)’ Hg s S C‘Tl — T2]. (443)

Step 4. The set J s closed:

Take a sequence {7,} C J such that 7, — 7. By (4.43), {u(7,)} is Cauchy in H;
and therefore it converges to uy € H;s. Since the map ® is continuous, it follows that
O (up, 70) = 0, that is 79 € J. This completes the proof of the existence. n

Proof (of Uniqueness) Assume u; and us are solutions to (4.37). We conduct the proof
by showing that Q := {z : ui(x) > us(z)} is an empty set. Note that € is open since u;
and ug are continuous. Put w = u; — ug, then —Ayw = F(z,u;) — F(x,u3) < 0 in Q.
So w < 0 in © by Proposition (4.13). That obviously leads to a contradiction unless €2 is
empty. [ |

Acknowledgement: The problem we worked out goes back to Alan Rendall and we
would like to thank him for enlightening discussions. The second author would like to
thank Victor Ostrovsky for many valuable conversations.

Appendix

5 Construction of the Spaces H; s

The weighted Sobolev spaces of integer order below were introduced by Cantor [3] and
independently by Nirenberg and Walker [27]. Nirenberg and Walker initiate the study of
elliptic operators in these spaces, while Cantor used them to solve the constraint equations

29



on asymptotically flat manifolds. For an nonnegative integer m and a real § we define a

norm
(i)’ = 3 [ () *lrul)” da 6.)

|a|<m

where (z) = 1+ |z|. The space Hy,, is the completion of C§°(R?) under the norm (5.1).
Note that the weight varies with the derivatives.

Here we will repeat Triebel’s extension of these spaces into a fractional order, [32],[33]. Let
s =m + A\, where m is a nonnegative integer and 0 < A < 1. One possibility of extending
the ordinary integer order Sobolev spaces is the Lipschitz-Sobolevskij Spaces, having a norm

N aa 2
[y = 3 /\a ufdr+ Y //' ‘x_ ‘SW( O ay (52)

la|<m laj=m

Hence, a reasonable definition of weighted fractional Sobolev norm is a combination of the
norm (5.1) with (5.2):

Z /| (z)Hel ooy 2 dz, s=m

|a|<m \
. ‘<x>6+|a\aau‘2dx
(lullzs)* = lZm/
’ m+)\+6aa ( ) N < >m+>\+éaau(y)’2 , s=m+A
+ Z z — yrr dady
|oo|=m
(5.3)

here m is a nonnegative integer and 0 < A < 1. The space Hy s is the completion of C§°(R?)
under the norm (5.3).

The norm (5.3) is essential for the understating of the connections between the integer
and the fractional order. But it has a disadvantage, namely, the double integral makes it
almost impossible to establish any property (embedding, a priori estimate, etc.) needed
for PDEs. We are therefore looking for an equivalent definition of the norm (5.3).

Let K; = {z:277% < |¢| < 22} (j = 1,2,...) and Ky = {z : |z < 4}. Let {¢;}52, C
C5°(R?) be a sequence such that ¥;(x) =1 on Kj, supp(y;) C {x: 297* < |z| < 27%3} for
J > 1, supp(¢g) C {z: |z] <23} and

075 ()| < Co271V, (5.4)

where the constant C, does not depend on j.
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We define now,

2
*
(%) =

Proposition 5.1 (Equivalence of norms)

)
Do | 2 lgulie + 20 Y I ()l |

7=0 |a|=m
o 2% lsulfa + 2072 |0 (w172
7=0 |a|=m

\

¢y depending only on s, § and the constants in (5.4) such that

* *
collull s < llullis < eallull7s.

This equivalence was proved in [32] (see also [1]).

We express these norms in terms of Fourier transform. Let

a€) = Flu)(€) = ﬁ / u(z)e " Eds

denotes the Fourier transform, put

Asu=F 11+ |£|2)%.7:u),

and let H° denotes the Bessel Potentials space having the norm

We also set

2 = A2, = / (1+ [€P)[a(e) .

lul

2 | (P Fu) 2 = / (Iella(©)))de.

I

It is well known that (see e. g. [19]; p. 240-241)

2~ Z|a|=mf|aau|2dx . s=m
B D I B R

I

and since (1 + |€]?)* ~ (1 + |€[%),

lullzre > (lullZe + llullz) -

31

0 m j < (hiu)(x)—0%(Yiu 2
3050, 20+ mN2 (szm e >‘; _)y|§?+§v )W)l dxdy>7

s=m
s=m-+ A\
(5.5)

There are two positive constants ¢y and

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)



Ut
Ut

Hence, by (

s )’
2 > , )
() = 3= @ lyulids + 26+ yyul3.) (5.11)
i=0

J

We invoke now the scaling u.(z) := u(ex) (¢ > 0), then simple calculations yields [luc||7. =
e 3 lul|3, and [ju. 25=3||u||2,. Combining the later one with (5.10), we have

he =€
luellzrs 2= € (lullze + € lullh) - (5.12)

Setting € = 27, multiplying (5.12) by 2% and inserting it in (5.11), we conclude
* )2 - (2+6)25 2
(AR LT 513
=0

The last one is the most convenience form of norm for applications and therefore the right
hand side of (5.13) defines the norm of H, s space (see Definition 2.1).

Combining Proposition 5.1 with (5.11) and (5.13) we get:

Theorem 5.2 (Equivalence of norms, Triebel) There are two positive constant c
and ¢i depending only on s, 6 and the constants in (5./) such that

collullmss < llullss < cillullms.s (5.14)

Remark 5.3 Theorem 5.2 enables us to use both sorts of the norms (5.3) and (2.1), and
for each application we will use the suitable type of norm.

Remark 5.4 Let ' < s and §' < 6, then the inclusion Hy5 — Hgy 5 follows easily from
the representations (5.8) and (2.1) of the norms.

Remark 5.5 The functions {1;} are constructed by means of a composition of exponential
functions. Hence, for any positive v there holds

c1(7, )|0°¢] (2)] < |0%;(w)] < ea(y, )07 (x)]. (5.15)

Therefore the equivalence (5.6) remains valid with @/}7 replacing ; and hence

2
* 3.45)2j
e 2 (ull2)” = D0 2892 (u) o)
J

. (5.16)

> 2G| () |
J

Corollary 5.6 (Equivalence of norms)  For any positive v, there are two positive
constants co and ¢y depending on s, 0 and vy such that

3 .
collullfy, , < > 2F | (4] w) o I < eallully, ;- (5.17)
J
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6 Some Properties of H;

Theorem 6.1 (Complex interpolation, Triebel)
Let 0 <0 <1,0<sy<s1 and sy = 0sg+ (1 — 0)sy, then
[Hso,57 Hsl,(S]O - H59,57 (61)

where (6.1) is a complez interpolation.

As a consequence of the interpolation Theorem 6.1 we get

Corollary 6.2 (H,;-norm of a derivative)

e

< [Ju|

Hs,5 (62)

Hs 1541

Proof (of Corollary 6.2) Let m be a positive integer and define T': H,, 5 — Hp—14541
by T'(u) = Ou. Using the norm (5.1) we see that ||T'(w)||m,,_, ., < llullm, ;. So (6.2)
follows from Theorem 6.1. [ ]

Remark 6.3 Ifsuppu C {|z| < R}, then for any ¢

c1(R)|[ul

ne < ul

5 < Co(R)||ullms. (6.3)

This follows from the integral representation of the norm (5.1) and the interpolation (6.1).

Proposition 6.4 (Multiplication by smooth functions) Let N > s be an integer.
Assume f € CN(R3) satisfies sup |D¥f| < K for k =0,1,...N, then

[fulla, s < CK|ull, ;- (6.4)
Proof (of Proposition 6.4) By the well known property of H*
[ fullgs < CoK |Jull g (6.5)
we have
1fullh,, = D259 | )yl
=0 (6.6)

2
Hs

< (O )2 S 22 || (), |12, = (CoR)2 |l
7=0
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Proposition 6.5 (Multiplication by cutoff function) Let xp € C*(R?) satisfies
xr(z) =1 for |z| < R, xg(x) = 0 for |z| > 2R and |0%xr| < caR7Il. Then for & < §

there holds
C(4,4")

Hy o > WHUHH.S,y

(1 — xr)ul (6.7)

Proof (of Proposition 6.5) Let Jy be the smallest integer such that R < 2703 Then
(1—xgr)Y; =0for j=0,1,...,Jo — 1. Hence

o0

1= xr)ul,, = D 265 |1 = xr)u)y |,
Jj=Jo

<03 A g, [ = € 3 2 [, 9

Jj=Jo i=Jo

V- C
< C29('=0)200 22(§+6)2J [ (95) 5 2 < WHM s
=0
| |

Proposition 6.6 (An intermediate estimate) Let0 < sy <s<s; ande >0, then
there is a constant C' = C(e) such that

s < V2]l

lul Hy s+ Cllulla,, s (6.9)

holds for all uw € Hy, 5.

Proof (of Proposition 6.6) Inequality (6.9) is well known in H*® spaces. We apply it to
each term of the norm (2.1) and get

2
Hs

lull?, , = 37 2064902 || (gyu),,|
§=0

2
Hso

<2 3 25 || (gu)y [, +207(e) 302550 || (),

j=0 J=0
= 2e|lully,, , +2C%(€)llullz, ,»

6.1 Algebra

Proposition 6.7 (Algebra in H,5) If s1,52> s, s1+ 52> s +% and 61 + 63 > 6 — %,
then

lwollm, s < Cllullm,, 5, 1016, 5, (6.10)
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Proof (of Proposition 6.7) By Corollary 5.6,

2
Juv||3, 5 ZQ (43 uv)w e (6.11)
We apply the classic algebra property ||uv||gs < C|lullgs:||v]|ms2 (see e. g.  [30] Ch. 3,

Section 5), to each term of the norm (6.11) and then we use Cauchy Schwarz inequality,

2

Jusl, < 022 | ) ],
<2 Z o(3+0)2j H(wju)y’ 251 |(¢jv)2j| 252
=0
< 2 Z (2(g+51)2j ||(¢ju)2j| 21) (2(%%2)23’ H(quv)y’ 22)

<.
I
o

N
D=

IN

(S 0 osmali)) (5 CE )’
<2 <i (2(2+51 % || (hyu), qu)) (io (2 346)2j | (150) 5] 22>>

=0
<l ol
]
6.2 Fractional power |u|”
In [20] Kateb showed that if u € HSN L™, 1 <~y and 0 <s <~ + 3, then
" lzzs < C(lfe| o) (6.12)

Proposition 6.8 (Fractional power in Hy,5) Letu € HisNL™®, 1<v,0<s< ’y+%
and 6 € R, then
[l |

i, < Cllull =) (6.13)

Proof (of Proposition 6.8) Inequality (6.13) is a d1rect consequence of the Corollary
5.6 and (6.12). Because

113755 Z2<2+5)2]|!(¢]|UI”)< '

(6.14)

0o
2 2

Cllull))® D 2692 (ghyu) iy 137 < (C(Jfu 1))? |
7=0
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6.3 Moser type estimates

Y. Meyer proved the below Moser type estimate [25].See also Taylor [30].

Theorem 6.9 (Third Moser inequality for Bessel potentials spaces) Let F :
R™ — R! be CNTL function such that F(0) =0. Let s >0 and u € H* N L>®. Then

()| e < K[l s, (6.15)

where
K = Kn(F, |Jullz=) < C||Fllex+ (14 fJullf) | (6.16)

here N is a positive integer such that N > [s] + 1.

We generalize this important inequality to the Hj s spaces.

Theorem 6.10 (Third Moser inequality in H,;)  Let F : R™ — R! pe CN*?
function such that F(0) =0. Let s >0, 6 € R and uw € Hy5s N L>. Then

Hig) (6.17)

The constant K in (6.17) depends on one in (6.16) and in addition on §.

1E @) a,, < Kllul

Proof (of Theorem 6.10) Let {1} be the sequence satisfying (5.4) and ¥;(x) =
ﬁwj(x), where () = >°7°1;(x). From the properties of the sequence {1}, it fol-
lows that 1 < ¢(z) < 7. So the sequence {¥;} C C5°(R?) and Y 72 W;(x) = 1. From
(5.12) we conclude that

2s < Cmax{e* 3 e 3} |ul|5- (6.18)

e
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and with the combination of (6.

£ (u

M. s

22( 2| (4 (F () o)l

2
= 22(%%)2]' <¢3F (Z \Ifk(a:)u>>
3=0 k=0 @) || s
2
) 7+3
7=0 k=j—4 @) 1 s
7+3
<0K2ZQ 2N (W) g (1314
k=j—4
7+3
<CK222 240 Z | ((Ww)y;- k)(2k)’H9
7=0 k=j—4
0 7+3
< CKQZQ(%+5)2J Z max {225~ 30~k) 9-3(-k
j=0 k=j—4
J+3
< C(s)K* Z TN () g N
j=0 k=j—4
oo j+3 .
Cls, 0K D 25 () g |17
J=0 k=j—4

<7C(s,6)K2 3 264920 () |

k=0

5) and Meyer’s Theorem6.9 we have,

(6.19)

PH (k) g 117

Hs

i < TC0(5,0) K2 |[ullfy, ;-

Remark 6.11 If F(0) # 0 and F(0) € H, 4, then we can apply Theorem 6.10 to F(u) :=
F(u) — F(0) and get

1F @)l < NE@) a5 + 1FO) 5 < Kllulla, s + 17O

6.4 Compact embedding

(6.20)

Theorem 6.12 (Compact embedding) Let(0 < s < s andd <6, then the embedding

18 compact.

Hys— Hyp.

37

(6.21)



Proof (of Theorem 6.12) Let {u,} C H,; be a sequence with ||u,| g, ; < 1. Since H, s
is a Hilbert space there is a subsequence, denoted by {u,}, which converges weakly to wuy.
We will complete the proof by showing that u,, — wu strongly in Hy .

Let xg € C§° such that xgr(z) = 1 for || < R and supp(xgr) C Ba2gr. For a given
e > 0, we take R such that 2%(55;? < €, where C(0,9’) is the constant of inequality (6.7)
of Proposition 6.5. For a bounded domain €2, it is known that the embedding H*(Q2) —
H*'(Q) is compact and from Remark 6.3 it follows that || x|z < C, where C' does not
depend on n . Hence ypu, converges strongly to @y in H*. In addition, we have that
XRUn — XrUo Weakly in H® and hence ygu, — Yruo weakly in H*. Thus the sequence
{XRrun} converges both strongly to iy and weakly to x gug in H*', hence @iy = xgpuo (because

limy, ((Xrun — XRUo), (o — Xrto))s = ((tlo — Xrto), (@0 — XRU0))s = [l@0 — XRUol,. = 0).
By Remark 6.3 lim, | xru,, — XrUol||#, ,, = 0, hence we may take n sufficiently large so
that ||xru, — Xruol|m, , <€ Therefore
Hun - uOHHS/’(;/ = ”(XRun - XRUO> + (1 - XR)(UH - uO)HHs/,L;/
< ||(XRun - XRU0)| Hy s + ||(1 - XR)(Un - UO)”HS/,(;/
C 6.22
< e il = )iy < € i (s + uollr,) (02
C(4, ¢
<e+2 15575’) < 2¢
and that completes the proof. [ ]

6.5 Embedding into the continuous

We introduce the following notations. For a nonnegative integer m and 3 € R, we set
lulley = 37 aj<m sup, (1 + J2))Hl0%u()])
Let C5" be the functions spaces corresponding to the above norms.

Theorem 6.13 (Embedding into the continuous) Ifs > %4— m and o —l—% > 3,
then any u € Hys has a representative o € CF" satisfying

[allep < Cllulla, ;- (6.23)

Proof (of Theorem 6.13) We first show (6.23) when m = 0. In order to make notations
simpler we will use the convention 2% = 0 if k < 0. Recall that ¢;(z) = 1 on K; := {2773 <

|z| < 27%2}. Using the known embedding sup, |u(z)| < Cllul|gs (see e. g. [22]),we have
sup(1 + |z) u(e)| < 27 sup (26j sup IU(CL’)|>
T j=2—1 {27 <|z|<29+1}
<27 sup (2% sup [¢;(z)u(z)|) = 2° sup (2% sup |¢;(22)u(2z)]) (6.24)
j=-1 Jj=-1
<2°C sup (27||(u)ps||me) < 2°C sup <2(%+5)j||(¢ju)2j| H) < 2°Cllull, -
j>—1 j>—1
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Ifm>1s> %—i— m and 0 + % > 3, then 0%u € Hy_j4| 54)a| for 1 < |af < m. So we may

apply (6.24) to 0%u and obtain [|0%ul|c,,, < C|0%ul|g,

s—lal,5+]a]" u
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